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A s o l u t i o n  i s  g i v e n  of i n t e g r a l  equa t ions  of i n v e r s e  p r o b l e m s  of hea t  c onduc t i on  by  the  me thod  
of s u c c e s s i v e  a p p r o x i m a t i o n s  and a l s o  by  m e a n s  of e x p a n s i o n s  in  o r t h o g o n a l  s y s t e m s  of func-  
t i o n s .  

It i s  a w e l l - k n o w n  fac t  t ha t  t he  s o l u t i o n  of t he  h e a t - c o n d u c t i o n  e q u a t i o n  

Ou O~u 
- -  a ~ , ( 1 )  

Ot Ox 2 

s a t i s f y i n g  a z e r o  i n i t i a l  cond i t i on  for  t he  h a l f - l i n e  x >- 0 and a l s o  the  b o u n d a r y  c o n d i t i o n  

i s  g i v e n  by  the  i n t e g r a l  

u (0, t) = ~? (t), (2) 

u ( x ,  t )  ---- 4a 2 ( t  - -  ~ )  r (T) aT 
2a ~ n ( t - - T )  a (3) 

0 

In  t he  s p e c i a l  c a s e  when u(0, t) = u0, w h e r e  u 0 i s  a c o n s t a n t ,  we can  t r a n s f o r m  the  i n t e g r a l  (3), upon m a k -  
ing  the  s u b s t i t u t i o n  ~ = x / 2 a 4 t  - -  T, to  t he  f o r m  

2u~ i v --  V~-~- exp [ -  a21 da. (4) 
g 

2ar 
It i s  obvious  tha t  v = u 0 a t  x = 0, and  a l s o  a t  t = % s i n c e  the  i n t e g r a l  a t t a i n s  i t s  l a r g e s t  va lue ,  

n a m e l y ,  / ' 7 -~ ,  in  t he  l i m i t .  I f u  0 = 1 ,  t h e n v <  1 fo r  0 < t  < co 

Wi th  t he  a i d  of t he  s o l u t i o n  (3) we c a n  p o s e  t he  i n v e r s e  p r o b l e m :  A s s u m i n g  an  i n i t i a l  t e m p e r a t u r e  of 
z e r o ,  we m a y  a s k  what  s o u r c e  q~(t) a t  the  po in t  x = 0 wi l l  g ive  r i s e ,  a t  s o m e  poin t  x = ~ of the  h a l f - l i n e  
x ~ 0, to  a s p e c i f i e d  t e m p e r a t u r e  f(t) .  Then ,  in  a c c o r d a n c e  with  Eq. (3), the  i n v e r s e  p r o b l e m  r e d u c e s  to  
t ha t  of s o l v i n g  the  fo l lowing  V o l t e r r a  i n t e g r a l  equa t ion  of t he  f i r s t  k ind :  

I' ~ exp 4a ~ (t - -  T) ~p (T) aT 
| l (t), (5) 
J 2a V n (t - -  x ) s  
0 

w h e r e  t he  unknown func t ion  ~o(r) i s  d e t e r m i n e d  a s  the  s o l u t i o n  of th i s  equa t ion .  We have  the  i n v e r s e  p r o b -  
l e m  of hea t  c o n d u c t i o n  when  we d e t e r m i n e  for  the  known v a l u e  f(t) t he  b o u n d a r y  cond i t i on  u(0, t) = ~0(t). 
We  s u b s t i t u t e  t he  v a l u e  ~o(t) s o  d e t e r m i n e d  in to  the  e x p r e s s i o n  (3) and  ob t a in  the  t e m p e r a t u r e  d i s t r i b u t i o n  
in  a s e m i - i n f i n i t e  r e d .  

We c a n  p o s e  t he  fo l lowing  m o r e  g e n e r a I  p r o b l e m :  Le t  i t  be  r e q u i r e d  to  f ind the  s o u r c e  u(0, t) = ~o(t), 
wh ich  would  g ive  r i s e  to  a t e m p e r a t u r e  a t  a po in t  x = ~ of the  h a l f - l i n e  x > 0, d i f f e r i n g  f r o m  the  t e m p e r a -  
t u r e  ~o(t) by  a v a l u e  equa l  to  a s p e c i f i e d  func t ion  f( t) .  Then ,  in  a c c o r d a n c e  wi th  the  r e l a t i o n  (3), we have  a 
V o l t e r r a  i n t e g r a l  equa t ion  of t he  s e c o n d  k ind ,  
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[ ] 
i ~ exp 4a * (t - -  ~) q~ (~) aT 

q~ (t) : ~ 2a 1/: ~ (t - -  ~)3: + f (t), (6) 
0 

w h e r e  )t is a p a r a m e t e r .  In this  "case we a l s o  have an  i n v e r s e  h e a t - c o n d u c t i o n  p r o b l e m ,  w h e r e i n  we wish  
t o  d e t e r m i n e  the bounda ry  condition~0(t), def ined as  the so lu t ion  of Eq. (6) fo r  ~ = 1. P r o b l e m s  which r e -  
duce  to  Eqs .  (5) and (6) can  be found in [11. 

We now c l a r i fy  fo r  which p a r a m e t e r  values  h so lu t ions  of Eq. (6)  ex is t .  

We r e p r e s e n t  a so lu t ion  of th is  equa t ion  in the f o r m  of a s e r i e s ,  

r (t) -- % (t) § ~.~ (t) + . . .  + ~ % (t) + . . .  (7) 

Subst i tut ing the  s e r i e s  (7) in to  Eq. (6), we have the  fol lowing r e l a t i o n s :  

[ ] 
i �9 ~ exp  4a  2 (t - -  x) % - 1  (x) u'c 

% (t) = f (t); .  �9 �9 ; q~,~ (t) = 2a ]/" ~ (t - -  T) 3 
0 

A s s u m i n g  tha t  If(t)l -< f0 fo r  0 -< t - t 0, we then  have 

[ ] exp - 4a 2 ( t - z )  a~ 

2a V" n (t - -  ~)3 

(8) 

t 

I q~l (t) J ..< fo t < f~ 

0 

w h e r e  v < 1 a c c o r d i n g  t o  the  e x p r e s s i o n  (4). 

C a r r y i n g  out s u c c e s s i v e  e s t i m a t e s  of the  e x p r e s s i o n s  in  Eq. (8), we obtain  

~ (t)l < f o e .  

F r o m  this  it fol lows that  the  t e r m s  of the unknown s e r i e s  (7) do not exceed  in abso lu te  value the  t e r m s  of 
the  m a j o r i z i n g  s e r i e s  

fo(1 + ~ v + . . . + ~ " v  ~ + . . . ) ,  

conve rg ing  for  any  va lue  I~ [ < l / v ,  including,  in  p a r t i c u l a r ,  the value  A = ! ,  s ince  v < 1 fo r  an  a r b i t r a r y  
t i m e  t .  Hence,  the  s e r i e s  (7) c o n v e r g e s  un i fo rmly ,  and the  funct ion ~(t) s a t i s f i e s  the i n t eg ra l  equat ion (6), 
def ining t h e r e b y  a so lu t ion  of the  i n v e r s e  p r o b l e m .  If  in  the  s e r i e s  (7) we r e t a i n  only the f i r s t  s e v e r a l  
t e r m s ,  we obtain  an  a p p r o x i m a t e  value  of the  funct ion ~o(t) with the  help of s u c c e s s i v e  a p p r o x i m a t i o n s .  

It should  be noted tha t  Eq.  (5) b e c o m e s  a V o l t e r r a  equa t ion  of the  second  kind if  we d i f fe ren t ia te  it 
t h rough  with r e s p e c t  to  t ,  a s s u m i n g  for  this  tha t  the de r iva t ive  f '  (t) is cont inuous .  The  so lu t ion  of the 
equat ion  so  obtained can  be  obtained by the  s a m e  method used  to  so lve  Eq. (6). 

We c o n s i d e r  now the  i n t e g r a l  equa t ion  

t b 

F (x, t) = .( S K (x, ~, t - -  ~) f (~, ~) a~aT, (9) 
0 a 

w h e r e  the  ke rne l  

~ r  exp [ - -  kn (t - -  ~)1 (10) 
(x) (D 

K (x, ~, t - -  ~) = ~ 
t l ~ 0  

is  r e p r e s e n t e d  in  a b i l i nea r  f o r m  in x and ~ with the a id  of the o r t h o n o r m a l  s y s t e m  of funct ions {~0n(X) ) on 
the  i n t e r v a l  [a, b]. Here  F(x, t) is a known funct ion;  f(x. t) is  unknown; consequent ly ,  we have an  in te -  
g r a l  equa t ion  of the f i r s t  kind of mixed type  (i. e. ,  it is  a V o l t e r r a  equat ion  with r e s p e c t  to the va r i ab l e  r 
and a F r e d h o l m  equat ion  with r e s p e c t  to  the  va r i ab l e  ~). 

We expand the  funct ion 

F (x, t) = ~ F,~ (t) q% (x) (11) 
a = 0  

in  a s e r i e s ,  w h e r e  ~On(X) sa t i s f i e s  c e r t a i n  bounda ry  condi t ions  fo r  x -- a and x - -b .  The  coef f ic ien ts  Fnft) 
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are given by 

We also make the expansion 

b 

F~ (t) = ~ F (~, t) q~ (~) d~. (12) 
r 

f (x, t) = 2 f~ (t) r  (x), (13) 
n = 0  

where the unknown coefficients fn(t) may be written, respect ively,  
b 

f,, (t) = ~ f (L t) ~n (~) d~. (14) 
a 

Substituting the kernel  (10) into Eq. (97, and also the ser ies  (13) and (14), we can write the equation 
t b 

2 F. (t)% (x)= 2 .I (of [(~, "0 % (~)d~)exp [-- ~,,~ ( t -  ~)] d'r%~ (x), (157 
n ~ O  n ~ O  0 a 

f rom which it follows that 

But we can readi ly verify that 

t 

F, (t) = .f f= (~) exp [-- ~, (t -- T)] dT. (16) 
0 

F~ (t) + )~F= (t) = f~ (t), F. (0) = O. (17) 

Consequently, the coefficients fn{t) are  determined in t e rms  of the known coefficients Fn(t); hence, upon 
substituting the fn(t) so determined into Eq. (137, we obtain the solution f(x, t) of Eq. (9) in the form of an 
expansion in t e rms  of an orthogonal sys tem of functions. By way of example, let us take the kernel  of Eq. 
(9) in the form given in [2]: 

t Z ~ I  

Using it, we shall  solve the inverse  problem for the nonhomogeneous heat-conduction equation 

Ou O~u 
- a ~ ~ f (x, t) (19)  

& Ox ~ 

with the initial condition 

and the boundary conditions 

u(0,  t) 

Then, in accordance with the expansions (117 and 

u(x, o) = o (2o7 

= 0 ,  u(l, t )=0 .  

(13), we have 

(217 

where 

(x, t) = 

f (x, t) = 

= 

Z f. sin nn (t) x, 
n = l  

l 

2 f nz~ u~ (t) = T u (L t) sin - T -  ~d~, 
0 

f~ (t) = u'. (t) + dun (t). 

Thus, if the function u(x, t) is known, the solution of the inverse  problem is determined by the function 
f(x, t). 

Solutions of Eqs. (5) and (9), requir ing special differentiabil i ty propert ies  of the functions, can be 
found by the method of regular izat ion.  
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The methods given here  for solving integral equations of inverse heat conduction problems may be 
extended to multidimensional equations. Inverse problems were t reated in [3] by a somewhat different 
method employing integral t ransformations.  

lo 
2. 
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